Abstract-Using the concept of a transistor as a pseudoresistor, many resistive networks can be mapped to transistor based equivalents. Pseudoresistors are two-terminal circuit elements whose current is a function of the instantaneous difference in the pseudovoltage across the two terminals, where the pseudovoltage is a nonlinear function of the voltage at each terminal. A transistor with fixed gate and bulk voltages is a linear pseudoresistor between the drain and source over a wide range of currents including strong and weak inversion. Motivated by this, we extend the cocontent, defined for two-terminal resistors, to the pseudovoltage-based (PVB) cocontent, defined for two terminal pseudoresistors. We show that the PVB cocontent has similar properties as the cocontent in characterizing the dc-operating points of transistor networks and their stability, but under more restrictive conditions. As examples, we derive the total PVB cocontent for several neuromorphic circuit networks including the diffuser grid, a linear pseudoresistive network, and the winner-take-all circuit of Lazzaro, a nonlinear pseudoresistive network. This work establishes that these circuits can be viewed in terms of function minimization, which may lead to better intuition about their operation as well as the development of new circuit architectures.
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I. INTRODUCTION

S
EVERAL researchers have argued that computational vision is an ill-posed problem well suited for regularization based approaches [1] - [3] . These approaches lead to variational principles and the minimization of a suitably defined cost function, which can be done naturally using analog networks, both electrical and neuronal [4] . Maxwell showed that the branch-voltage distribution in any linear resistor network driven by voltage and/or current sources is the one that minimizes the quantity and is consistent with Kirchhoff's voltage law, where is the instantaneous power dissipated in the resistors and is the instantaneous power dissipated in the current sources [5] . Similarly, the actual current distribution is the one that minimizes the quantity and that is consistent with Kirchhoff's current law (KCL), where is the power supplied by the voltage sources. Thus, if the cost function is quadratic and an analog resistive network for which or is equal to it can be found, then, the dc-operating point of this analog network corresponds to a solution of the variational principle. For nonquadratic cost functions, it may be possible to find a nonlinear resistor network whose dc operating point is a stationary point of the cost function [6] , [7] . Millar points out that and are in general not stationary at the dc-operating point of a nonlinear resistor network, but that related quantities, the total cocontent defined for networks of voltage-controlled resistors and its dual, the total content defined for networks of current-controlled resistors, are [8] . Brayton and Moser showed that the dynamical equations of certain RLC networks can be expressed in terms of a mixed potential function [9] , [10] . The mixed potential function can be used to prove stability of operating points and reduces to the total cocontent for networks containing no inductors and to the content for networks containing no capacitors. Based on this work, Chua generalized the content and cocontent to the hybrid content for networks containing both current and voltage controlled elements, as well as generalizing the mixed potential function to noncomplete networks using the concepts of the pseudocontent, the pseudococontent and the pseudohybrid content [11] .
While resistor networks for the solution of variational principles are attractive from a theoretical point of view, linear networks with high resistivity are difficult to implement compactly in VLSI. However, it is possible to replace the resistors in a linear resistive network with MOS transistors with fixed gate and bulk nodes and obtain the same current distribution, but a much more compact implementation compatible with low operating current levels [12] , [13] . The key to this replacement is in defining a nonlinear transformation of the terminal voltages at the drain and source called the pseudovoltage [14] or Boltzmann distributed charge [15] . While the drain current of the transistor is a nonlinear function of the drain and source voltages, it is linear in the difference in drain and source pseudovoltages over a wide range of currents. Transistors operating in this way are referred to as diffusers, pseudoresistors and pseudoconductances and are said to obey a linear current division principle [16] .
This result raises the question whether analogous quantities to those defined above for resistive networks can be defined for networks of transistors operating as pseudoresistors and whether these quantities share similar properties. This work answers this question in the affirmative for the cocontent. We focus on the cocontent for the following reasons. First, we are primarily interested characterizing the dc operating points of the transistor networks, which correspond to the solutions of the variational principles that we wish to solve. Second, we are interested in the stability of the operating point in the presence of parasitics encountered in VLSI implementations of these networks, which are primarily capacitive, rather than inductive. The cocontent is particularly appropriate for networks of resistors and capacitors. Wyatt shows that the total cocontent in the resistors of an arbitrary network of voltage controlled resistors and linear capacitors decreases along the trajectories of the network [17] . Thus, the shape of the total cocontent can be used to establish the stability of the dc-operating point in the presence of parasitic capacitances, which need not be specified explicitly. Lagrangian, Hamiltonian, and mixed potential formulations [18] , [19] assume a given topology for the reactive elements in the network and may be more appropriate for the analysis of networks where more information about the dynamics is required, e.g, temporal filters.
In Section II, we give basic definitions for resistors and pseudoresistors. Section III defines the pseudovoltage-based (PVB) cocontent and proves that the total PVB cocontent is stationary at the dc-operating points of a network of pseudoresistors and grounded pseudovoltage sources. We give several examples deriving the total PVB cocontent for specific networks-including two that are commonly used in neuromorphic circuit designs: the diffuser network [15] and the winner-take-all network [20] . Section IV proves that the total PVB cocontent decreases along trajectories of a network that also contains linear capacitors, but under the more restrictive condition that the capacitors are grounded. A counter example demonstrates that the PVB cocontent can increase along some trajectories of a simple pseudoresistor network that includes floating linear capacitors. Thus, this work establishes that the operation of many transistor networks can be viewed in terms of function minimization. While our discussion concentrates on the PVB cocontent, similar results for the PVB content hold by duality. Section V concludes the paper with a short summary.
II. RESISTORS AND PSEUDORESISTORS
A. Resistors
A resistor is a two-terminal element whose instantaneous voltage and current satisfy the relation The total cocontent of a resistive network-the sum of the cocontents of the resistors-characterizes the possible dcoperating points of the network. In [8, Th. IV], Millar states that if the sum of the contents of all the constitutive elements in a voltage-controlled resistor network is expressed in terms of the defining number of generalized voltage coordinates, subject only to the restrictions of Kirchoff's voltage law, then, is stationary for the actual distributions of voltages. The dual statement about the content and the current distribution is also true. Both statements hold for both active and passive resistive networks.
The total cocontent also indicates the stability of the dcoperating point when the network includes capacitors. The effects of parasitic capacitances are of particular concern for integrated circuits. The shrinking cocontent principle states that for any network consisting of linear or nonlinear resistors and linear capacitors, the total cocontent of the resistive elements decreases along trajectories of the network [17] . Thus, if the total cocontent is (continuously differentiable) and locally positive definite in the neighborhood of the dc-operating point, it is a Lyapunov function and the dc-operating point is stable. The total cocontent is locally positive definite if and only if it is identically zero at the dc-operating point and there exists a small neighborhood around the dc-operating point where it is strictly greater than zero except at the dc-operating point [22] . We can always make the total cocontent zero at a dc-operating point without affecting the stationarity by adding or subtracting a constant. Since the cocontent function is defined as the integral of the v-i characteristic, it is as long as the characteristics are continuous. A nonlinear resistor said to be strictly positive if for any two points on the characteristic Since the dc operating point of any network of strictly positive resistors is a minimum of the cocontent [24] , the dc-operating point of any network of strictly positive, continuous, and voltage-controlled resistors is guaranteed to be stable. Under the condition of strict positivity, the dc-operating point is unique.
B. Transistors as Pseudoresistors
The drain current flowing through an NMOS transistor can be expressed as (1) where , , and are the source, gate and drain voltages, is a current that is proportional to the ratio, is called the forward component of the current and is called the reverse component [21] . We assume that all voltages are referenced to the negative supply, which is also connected to the bulk. Over a wide range of currents can be modeled as (2) where , , and are the threshold voltage, the thermal voltage and the slope factor respectively. For strong inversion, , and
In weak inversion, , and
If we define the pseudovoltage at a node with voltage as (4) where is an arbitrary voltage constant, then, the drain current can be expressed as (5) where is referred to as the pseudoconductance. Although the relationship between the drain current and drain and source voltages in (1) is nonlinear, the relationship between drain current and the drain and source pseudovoltages is linear. The transistors are similar to resistors, where the source and drain nodes correspond to the two terminals and the drain current corresponds to the current through the resistor.
Given a network of linear resistors, current sources and grounded voltage sources (where one of the terminals is connected to the datum node), we can replace the linear resistors by transistors and modify the voltages supplied by the grounded voltage sources to obtain a network where the branch current distribution is identical to that in the original network. The nodal voltages will differ, but the pseudovoltages at the nodes of the new network will be a scaled version of the nodal voltages in the original network. Nearly all transistor circuits will include grounded voltage sources to represent the power supplies and reference voltages. A grounded voltage source with voltage , is equivalent to a grounded pseudovoltage source with pseudovoltage . However, a floating voltage source is not necessarily equivalent to a floating pseudovoltage source.
Because the pseudovoltage depends upon the gate voltage, all of the transistors in a linear pseudoresistor network should typically share the same gate voltage. Transistor sizing can be used to determine pseudoconductance ratios. However, if all of the transistors operate in weak inversion, we can control the pseudoconductances electronically. Because (3) can be factored as a product of a term in and a term in , we can define the pseudovoltage independently of and combine into the definition of the pseudoconductance (6) (7) where . Motivated by this, we define a two-terminal element to be a pseudoresistor if there exists a nonlinear transformation of its terminal voltages (the pseudovoltage) such that. instantaneous pseudovoltage difference across its terminals and its current satisfy the relation We can make similar definitions for pseudoresistors, as resistors, i.e., pseudovoltage-controlled pseudoresistors, current-controlled pseudoresistors, etc. Note that a pseudoresistor is not a nonlinear resistor. The current through a nonlinear resistor is a nonlinear function of the difference in potential at the two terminals. The current through a pseudoresistor is a function (linear or nonlinear) of a difference in a nonlinear function of the potentials at the two terminals (the pseudovoltage). Example 3 describes a nonlinear pseudoresistor.
III. A STATIONARY PRINCIPLE
For any pseudovoltage-controlled pseudoresistor, we define the PVB cocontent to be For example, for a linear pseudoresistor with , we have For a current source with , we have . The PVB cocontent is different from the pseudococontent as defined in [11] .
The following proposition shows that a necessary and sufficient condition for a dc-operating point of a network containing pseudovoltage-controlled pseudoresistors and grounded pseudovoltage sources is that it is a stationary point of the total PVB cocontent in the pseudoresistor branches. (8) where corresponds to the branches containing the pseudovoltage sources and corresponds to the branches containing the pseudoresistors. For each pseudoresistor branch , the PVB cocontent is . The total PVB cocontent as a function of the branch pseudovoltage differences is (9) To express this in terms of and , let By Kirchhoff's voltage law [25] :
where is the reduced incidence matrix of and is the vector of differences between the pseudovoltage at each node and the datum, which we denote by . The sum of a vector and scalar is taken to mean that the scalar is added to every component of the vector. We can partition such that where is the identity matrix. Thus, . Differentiating and using the vector form of the chain rule, we have (10) where differentiating (9) yields (11) To prove the forward implication, assume that is a solution of and let the corresponding branch current vector be . KCL, , gives
The constitutive relation of the pseudoresistors gives . Combining these equations with (10) and (11) leads to . Thus, is a stationary point of . To prove the reverse implication, assume that satisfies . The branch current vectors and satisfy the constitutive relations of the branches-note that the currents through the sources can be chosen arbitrarily-and KCL. Thus, is a valid operating point. QED The remainder of this section illustrates this proposition with several examples of transistor networks. We assume that all transistors are operating in weak inversion and define the pseudovoltage at each node according to (6) .
Example 1: Consider the circuit shown in Fig. 2 . The sum of the PVB cocontents of the transistor and current source is where is determined by (7) and denotes the pseudovoltage at the datum. The dc-operating point of the network, , minimizes . Example 2: Diffuser Network: Consider the pseudoresistive network for image smoothing shown in Fig. 3 . The total PVB cocontent of the pseudoresistive branches is where and are determined by and according to (7) . As for the corresponding linear resistor network, the total PVB cocontent can be interpreted as the sum of: a data fidelity term that is minimized if is close to the input scaled and offset ; a smoothness term that is minimized if the variation between adjacent values of is small; and a constant offset. Since the dc-operating point of the network is a stationary point (i.e., minimum) of the total PVB cocontent, the network seeks to find the smoothest set of pseudovoltages that are close to the input. Because we assume all transistors operate in weak inversion, we can adjust the pseudoconductances and via and , changing the weighting between the two terms, i.e., the amount of smoothing. The drain current through the vertical transistors connected to , which is proportional to , is often used to represent the output of the circuit. Example 3: Winner-Take-All Network: The previous examples were linear pseudoresistive networks. However, the proposition also applies to nonlinear pseudoresistive networks-for example, the winner-take-all circuit of Lazzaro [20] shown in Fig. (4a) . The currents are considered to be the inputs to the circuit. We call the circuit a winner-take-all network because the transistor whose gate is connected to the largest input current source (the winner) takes almost all of the bias current.
To redraw this circuit as the pseudoresistive network shown in Fig. (4c) , we group each two-transistor current conveyor and input current source into a single pseudoresistor whose positive terminal is connected to the positive supply as shown in Fig. (4b) . This circuit does not appear as a pseudoresistor if both terminal are allowed to float.
For this example, we assume that is unity. This assumption enables us to obtain closed-form expressions for the PVB cocontent. The technique still applies if but it may be necessary to find the PVB cocontent numerically.
To find the characteristic of the nonlinear pseudoresistor, we first find the pseudovoltage as a function of the difference in pseudovoltages across the terminals. The drain current of the transistor in Fig. (4b) is Solving for and substituting The branch current is given by (12) where the approximation uses the fact that if is in saturation. The branch current, plotted versus in Fig. (5a) , becomes infinite if
Integrating (6), we obtain the PVB cocontent for each of the nonlinear pseudoresistors which is plotted in Fig. (5b) . The total PVB cocontent as a function of is given by which is plotted in Fig. (5c) . The dc-operating point for the network is the minimum of the total PVB cocontent. Each nonlinear pseudoresistor sets up a PVB cocontent "barrier," which prevents the pseudovoltage difference from exceeding . The largest input current sets the upper bound on . On the other hand, the current source adds a term that decreases as the pseudovoltage increases and that dominates the total PVB cocontent for values of less than the barrier. Thus, at the dc-operating point, is close to , where max and most of the bias current flows out of the corresponding pseudoresistor. In our analysis, we have neglected the early effect of the transistors . The early effect can be included in the analysis, where it modifies the dependency of on . The primary effect is to make the slope of the current and the PVB cocontent finite for .
IV. STABILITY
The stationary cocontent principles introduced in the previous section gave conditions for the existence of dc-operating points, but no indication of their stability. One of the primary contributors to the dynamics in VLSI implementations are parasitic capacitances. For arbitrarily connected networks of nonlinear voltage-controlled resistors, voltage sources, current sources and capacitors, the total resistive cocontent is minimized along the transient. The following theorem, whose proof closely parallels that in [17] , shows that the PVB cocontent has a similar property.
Proposition 2: Shrinking PVB Cocontent: Suppose is any connected network of pseudovoltage-controlled pseudoresistors, constant pseudovoltage sources, and grounded positive linear capacitors. Assume that the pseudovoltage at each node is a strictly increasing and differentiable function of the nodal voltage. Let be the total instantaneous PVB cocontent associated with all pseudoresistors in the network. At any point along the transient with equality only at equilibrium.
Proof: Construct a circuit graph by replacing each two-terminal element with a single branch. By assumption, this graph is connected. For each branch , let be the current through that branch and be the difference of the pseudovoltages across the branch taken according to the associated reference convention. By construction, both and satisfy KVL. Since we assume no current through the gate and bulk terminals, the must satisfy KCL. By Tellegen's Theorem [26] , (13) We consider the different branch types separately. For each pseudoconductance, . Thus
For a pseudovoltage source with constant pseudovoltage
For each grounded capacitor , we have where is the pseudovoltage at the nongrounded node (assumed here to be the positive terminal without loss of generality). Differentiating (4) where denotes the derivative of at , and we have suppressed the dependence of on . Thus and Substituting into (13) where the first summation is over all pseudoresistive branches, the second summation is over all capacitive branches and the summation over all pseudovoltage source branches is zero. The quantity in brackets is the total pseudococontent, . Since the pseudovoltage is strictly increasing in the nodal voltage, and with equality at equilibrium. Thus, with equality only at equilibrium. QED Thus, if the total PVB cocontent is (continuously differentiable) and locally positive definite in the neighborhood of a dc-operating point, it is a Lyapunov function and the dc-operating point is stable. Similarly to the resistor case, if all of the pseudoresistors in the network are continuous and strictly positive, then the dc-operating point is guaranteed to be stable. The condition that the pseudovoltage be strictly increasing and differentiable is not particularly restrictive. It is satisfied for transistors where is given by (2) , which applies in both strong and weak inversion. One caveat in applying this result to the analysis of the winner-take-all circuit is that by modeling that the circuit shown in Fig. (4b) as a pseudoresistor, we are assuming that the dynamics at the internal node are negligible. This proposition is more restrictive than the corresponding proposition for linear resistors, where it is not necessary that the voltage sources and capacitors be grounded. The example below describes a simple pseudoresistive network containing floating capacitors where the total PVB cocontent increases along some trajectories.
Example 4: Consider the circuit shown in Fig. 6 . Assume all transistors are operating in weak inversion and that the pseudovoltage is defined by (6) . The total PVB cocontent of the pseudoresistive branches is given by where is determined by according to (7) If the floating capacitor is removed , then is positive definite. Consistent with Proposition 2, the left-hand side is less than or equal to zero, with equality if and only if . However, if we allow , then there may exist some regions of state space where the total PVB cocontent increases along trajectories of the network, as shown in Fig. 7 . This does not imply instability. In this example, the dc-operating point is still stable, as there exists a neighborhood around it where the total PVB cocontent is decreasing.
V. CONCLUSION
We have extended the cocontent of a resistor to the PVB cocontent for pseudoresistors. In many cases, we can model networks of MOS transistors as pseudoresistive networks. We have given a few examples of such networks here taken from the neuromorphic literature. We have also shown that the cocontent and the PVB cocontent share similar properties. In particular, the dc-operating point of the network is a stationary point of the total PVB cocontent of the pseudoresistors in the network. The total PVB cocontent is minimized along trajectories of a pseudoresistive networks that includes arbitrary connections of grounded capacitors to the nodes of the network. Thus, it can be useful in analysing the stability of these networks.
One of the primary advantages of formulating the circuit analysis in terms of the PVB cocontent is its pedagogical value. The operation of a network can explained in terms of the minimization of a function, which can illuminate the computation the network performs. We believe that the PVB cocontent is also useful in the design of novel networks.
If one can find an expression for the total PVB cocontent of an existing network, then by generalizing or modifying this function, one may be able to derive new networks with new or enhanced computational abilities. For example, by generalizing the function minimized by an orientation selective neuromorphic array, we have been developed an architecture of coupled arrays that include competitive interconnections between different orientations [27] . An interesting question in this respect is whether it is possible to characterize the class of PVB cocontent functions synthesizeable using MOS transistors.
